This paper deals with certain families of quasianalytic Q-functions. We present a decomposition of a relatively compact Q-semianalytic and a Q-subanalytic set into a finite union of special cubes and immersion cubes, respectively. Next, we prove Gabrielov's complement theorem for the case of Q-subanalytic sets. Also derived are other fundamental properties of the expansion of the real field R by restricted quasianalytic Q-functions.
We apply decomposition into immersion cubes to the proof of Gabrielov's complement theorem for the case of Q-subanalytic sets. These two results both imply that the expansion R Q of the real field by restricted quasianalytic Q-functions is an o-minimal polynomially bounded structure with exponent field Q, which admits smooth quasianalytic cell decomposition (cf. [18] and also [17] ).
Let us begin by fixing a family Q = (Q n ) n∈N of sheaves of local R-algebras of smooth functions on R 6. Q is quasianalytic, i.e. if f ∈ Q(U ) and the Taylor seriesf a = 0 of f at a point a ∈ U vanishes, then f vanishes in the vicinity of a.
Remarks. 1) By means of Q-mappings, one can build, in the ordinary manner, the category Q of Q-manifolds and Q-mappings, which is a subcategory of that of smooth manifolds and smooth mappings. Similarly, Q-analytic, Q-semianalytic and Q-subanalytic sets can be defined by means of quasianalytic Q-functions.
2) Condition 3. above implies that the implicit function theorem holds in the category Q, and that Q is closed under reciprocal, i.e. if f ∈ Q(U ) vanishes nowhere in U , then 1/f ∈ Q(U ).
3) Bierstone-Milman [2, 3] have proven that the category Q admits even a canonical transformation to normal crossings and canonical desingularization by blowing up.
The basic tool needed for our decomposition into special cubes is transformation to normal crossings by local blowing up (cf. [1, 3] ), recalled below. (a) is a neighbourhood of the point a, since the mapping σ is proper and thus closed. Each special cube T j is either disjoint with the exceptional hypersurface H or contained in H. The images under σ of the cubes of the first kind are special cubes compatible with g 1 , . . . , g r , which cover the set σ(U ) \ C. But it follows from the induction hypothesis that a neighbourhood a on the manifold C is a finite union of special cubes compatible with the restrictions to
Since the theorem is local with respect to the points of a given compact subset of the ambient manifold (i.e. the problem amounts to showing that each point of this compact set has a neighbourhood covered by a finite number of special cubes compatible with given Q-functions), the above claim yields the further line of reasoning.
We shall apply transformation to normal crossings to the divisor I 0 = I generated by g 1 · . . . · g r . At the first stage of blowing up, we get a new divisor I 1 by adding to the pull-back of I 0 the exceptional hypersurface. The process can be continued, i.e. I k+1 is the sum of the pull-back of I k under the successive local blowing-up σ k+1 and the exceptional hypersurface of σ k+1 . Eventually, we achieve a divisor I l which has only normal crossings. Hence, on this final stage, every compact subset has a neighbourhood covered by finitely many special cubes T j compatible with I l . In view of the claim, we are now allowed to proceed backwards so that the theorem follows. ♦ Remark. Observe that the special cubes S j of the covering under consideration and the inverse mappings ψ j :
d j of the associated Q-diffeomorphisms ϕ j are described by terms in the language of restricted Q-analytic functions augmented by the name of the reciprocal function 1/x. We shall use this refinement of decomposition into special cubes in our subsequent paper [16] .
We can reformulate the above theorem as follows.
Theorem on Decomposition into Special Cubes. Every relatively compact Q-semianalytic subset E ⊂ M is a finite union of special cubes. ♦ Corollary. Every relatively compact Q-subanalytic subset E ⊂ M has finitely many connected components which are Q-subanalytic sets too. ♦ After Lojasiewicz [14] , by the dimension dim E of a subset E ⊂ M of a manifold M we mean
Although this notion does not enjoy all properties of ordinary dimension, it is convenient while dealing with subsets of manifolds. In particular, a routine Baire's argument yields that the dimension of a countable union of sets coincides with the maximum of their dimensions. Also, it follows from the constant rank theorem that the image of a submanifold of dimension d under a smooth mapping is a set of dimension ≤ d. 
The proof of this theorem combines both decomposition into special cubes described above and fiber cutting described e.g. in [5, 6, 1, 11] . We sketch the line of reasoning. Observe first that there exists a relatively compact Q-
is the canonical projection. We can present the set E as a finite union of special cubes S i ⊂ M × R n on each of which the projection π has constant rank d, and of a Q-semianalytic subset E on which π has rank < d. Then
The classical method of fiber cutting (making use -after a suitable refinement of the cubes -of a carpeting function which is positive on the cube and vanishes on its frontier) allows us to replace the sets S i of dimension > d with some Q-semianalytic subsets
We now repeat this process with each set E i , and so on ...
Eventually, we find finitely many special cubes
and that the projection π has constant rank d on each of the sets T j . Then the sets C j := π(T j ) are the desired immersion cubes. ♦
Corollary 1 (decomposition into immersion cubes). Every relatively compact Q-subanalytic subset F ⊂ M is a finite union of immersion cubes. ♦
This follows directly from the fiber cutting theorem by induction with respect to dim F . Such an immersion cube C that satisfies the above additional condition shall be called a special immersion cube.
We argue by induction with respect to dim F . If C is an immersion cube of dimension d in a decomposition of F , one can find a linear subspace V of 
\ E into special cubes, then ϕ(S i ) are special immersion cubes which cover the complement C \ ϕ(E). This completes the proof. ♦
We shall need the refined decomposition from Corollary 4. in the proof of the complement theorem for Q-subanalytic sets.
The proof is by induction on the dimension m of the ambient manifold M . We shall consider two cases: dim F =: d < m and dim F = m.
Since the problem is local, we may assume that F is a relatively compact subset in R m , and next, by Corollary 2, that F is a special immersion cube. Take the notation of Corollary 2.
In the first case, put q = p • ϕ and T = (−1, 1)
is a proper mapping; here ∂T := T \ T denotes the frontier of T . Consequently, the restriction res q is, as a local homeomorphism, a topological covering. It has therefore a constant number of points in all fibres over each connected component of the set U \ q(∂T ).
By the induction hypothesis applied to the ambient manifold
, and thus it has finitely many connected components. Hence the number of points in all fibres of the restriction under consideration is bounded by an integer n. As the set q(∂T ) is of dimension < d, q(∂T ) ∩ U is a nowhere-dense subset of U , and consequently the number of points in all fibres of the restriction res q : T −→ U is bounded by n, too. A fortiori the number of points in all fibres of the restriction res p : F −→ U is bounded by n. Clearly, the sets
whence, again by the induction hypothesis, so are the sets
We leave it to the reader to verify that in the circumstances the complement
In the second case, ϕ is a local homeomorphism of T = (−1, 1)
Due to the first case we have just considered, the complement 
is a Q-subanalytic subset in R m , whence so is the complement
This completes the proof. ♦
We can conclude that if F ⊂ M is a Q-subanalytic subset of M , so are its closure F and frontier ∂F . Consider now the expansion R Q of the real field R by restricted Q-functions, i.e. functions of the form In order to prove this, we shall use a typical induction argument with respect to m (see e.g. [7] , Chap. 3.). Notice first that the proof of point I m ) uses both I m−1 ) and II m−1 ), and is standard.
Next, applying any semialgebraic diffeomorphism Φ from the foregoing remark, one may assume that the graph of f is a subset of (−1, 1) 
m+1
. Then, due to decomposition into immersion cubes applied to the graph of f and by point I m ), one can partition R m into finitely many Q-cells C i such that the restriction of f to each C i is a Q-function (or an empty set), so that we obtain point II m ). This is the basic, non-standard step of induction for cell decomposition in the quasianalytic setting. Open Problems. 1) We do not know whether every relatively compact Q-subanalytic subset F of a Q-manifold M is a finite union of special cubes.
2) Does the family of smooth definable functions in the structure R Q coincide with the family of definable Q-functions?
3) Does every o-minimal polynomially bounded expansion of the real field R admit smooth quasianalytic cell decomposition? 4) Gabrielov's method [11] of truncating Taylor series can be transferred to the quasianalytic setting. Therefore, if E ⊂ M is a Q-semianalytic subset of a Q-manifold M , so are the closure E and the frontier ∂E. We do not know whether a connected component of E is Q-semianalytic as well.
One can consider the opposite situation: given a polynomially bounded expansion R of the real field R, global smooth R-definable functions form a family R of quasianalytic functions. Let R be the o-minimal substructure generated by those global smooth functions from R; R-semianalytic sets are those from the boolean algebra generated by sets of the form {x ∈ We proved in [15] that the ring of global smooth definable functions is topologically noetherian. Nevertheless, the question whether the complement theorem holds for R-subanalytic sets or, equivalently, whether the structure R is model-complete, seems to be much more difficult and yet unsolved.
Remark. An affirmative answer to the foregoing problem is given in [12] . However, its proof contains, in our opinion, an essential error. Namely, the author asserts (page 58 for the case d = n, and page 59 for the case d < n) that the number of points in each fiber of a certain set over any connected component of the complement Unfortunately, Gabrielov's analysis of the closure of a semianalytic set, adapted by the author, does not go beyond the open cube where the smooth functions in question are defined. Neither can transformation to normal crossings be directly applied here, because the process would involve a mere locally finite family of blowings-up when approaching the boundary of the cube.
